A fixed point theorem concerning probabilistic contractions satisfying an implicit relation, which generalizes a well-known result of Hadžić, is proved.
Preliminaries
In this section we recall some useful facts from the probabilistic metric spaces theory. For more details concerning this problematic we refer the reader to the books [1, 3, 9] . Definition 1.1 [2, 3] . It is said that the t-norm T is of Hadžić-type (H-type for short) and T ∈ Ᏼ if the family {T n } n∈N of its iterates defined, for each x in [0,1], by [9] , that is, the class of all functions A special element of D + is the function ε 0 , defined by
t-norms. A triangular norm (shortly t-norm) is a binary operation
A sequence (F n ) in ∆ + is said to be weakly convergent to
If X is a nonempty set, a mapping F : X × X → ∆ + is called a probabilistic distance on X and F(x, y) is denoted by F xy .
The triple (X,F,T), where X is a nonempty set, F is a probabilistic distance on X, and T is a t-norm, is called a generalized Menger space (or a Menger space in the sense of
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Schweizer and Sklar) if the following conditions hold:
A Menger space is a generalized Menger space with the property Range (F) ⊂ D + . If (X,F,T) is a generalized Menger space with sup t<1 T(t,t) = 1, then the family
is a base for a metrizable uniformity on X, named the F-uniformity and denoted by ᐁ F . ᐁ F naturally determines a topology on X, called the F-topology:
ᐁ F is also generated by the family {V δ } δ>0 where
In what follows the topological notions refer to the F-topology. Thus, a sequence (
Probabilistic contractions were first defined and studied by V. M. Sehgal in his doctoral dissertation at Wayne State University. Definition 1.5 [10] . Let S be a nonempty set and let F be a probabilistic distance on S.
(1.10)
In [10] it is showed that any contraction map on a complete Menger space in which the triangle inequality is formulated under the strongest triangular norm T M has a unique fixed point. In [11] Sherwood showed that one can construct a complete Menger space under T L and a fixed-point-free contraction map on that space. Hadžić [2] introduced the class Ᏼ which have the property that Sehgal's result can be extended to any continuous triangular norm in that class. Completing the result of Hadžić, Radu solved the problem of the existence of fixed points for probabilistic contractions in complete Menger spaces (S,F,T) with T continuous. Namely, the following theorem holds. Theorem 1.6 [7] .
Every B-contraction in a complete Menger space (S,F,T) with T continuous has a (unique) fixed point if and only if T is of Hadžić-type.
However, under some additional growth conditions on the probabilistic metric F one may replace the t-norm of H-type in the above theorem, as in Tardiff 's paper [13] . Corollary 2.6 in our paper gives another result in this respect.
Main results
The main result of this paper is Theorem 2.4 concerning contractive mappings satisfying an implicit relation similar to that in [6, 12] . This theorem generalizes the mentioned result of Hadžić (see Corollary 2.7). Note that we work in generalized Menger spaces.
We begin with an auxiliary result, which is formulated as follows.
Lemma 2.1. Let (X,F,T) be a generalized Menger space and let (x n ) n∈N be a sequence in X such that, for some k ∈ (0,1),
If there exists γ > 1 such that
Proof. First note [4] that if the condition lim n→∞ T
We will prove that
Let µ ∈ (k,1) and let δ = k/µ. From the above remark it follows that
Let ε > 0 be given and
Since the series ∞ n=1 δ n is convergent, there exists n 2 ∈ N such that ∞ n=n2 δ n < ε. Let n 0 = max{n 1 ,n 2 }. Then, for all n ≥ n 0 and m ∈ N, we have
where the last "≥" inequality follows from F xsxs+1 (δ s ) = F xsxs+1 (k/µ) s ≥ F x0x1 (1/µ s ) for all s ≥ 1, which immediately can be proved by induction.
In the following we deal with the class Φ of all continuous functions ϕ : [0,1] 4 → R with the property: 
Thus, the functions ϕ 1 , ϕ 2 , Proof. Let p, q ∈ S, p n → p and t be a continuity point of F pq . By (1.7) it follows that for all 0 < ε < t,
Therefore, lim n inf F pnq (t) ≥ F pq (t − ε) and F pq (t + ε) ≥ lim n supF pnq (t). Letting ε → 0 we obtain lim n supF pnq (t) ≤ F pq (t) ≤ lim n inf F pnq (t), and thus lim n→∞ F pnq (t) = F pq (t). (a,1) for all a ∈ (0,1), k ∈ (0,1), and ϕ ∈ Φ. If f : X → X is a mapping such that
Theorem 2.4. Let (X,F,T) be an F-complete generalized Menger space under a t-norm T which is continuous in
and there exist x 0 ∈ X and γ > 1 for which
On taking in this relation x = x n we obtain
It follows that F xn+1xn+2 (kt) ≥ F xnxn+1 (t), for all n ∈ N, for all t > 0 and therefore, by Lemma 2.1, (x n ) is a Cauchy sequence. By the F-completeness of X it follows that there exists u ∈ X such that lim n→∞ F uxn (t) = 1, for all t > 0.
Notice that from F xn+1xn+2 (kt) ≥ F xnxn+1 (t), for all n ∈ N, for all t > 0 it follows that lim n→∞ F xnxn+1 (t) = 1, for all t > 0, for
If kt is a continuity point of F u f (u) , then, on taking n → ∞ in the above inequality and using Lemma 2.3, we get
(2.14)
is increasing, the set of its discontinuity points is at most countable. Hence F u f (u) (kt) = 1 for all t > 0, from which (using (1.5)) we obtain u = f (u). This completes the proof. 
and there exists x 0 ∈ X for which F x0 f (x0) ∈ D + , then f has a fixed point.
Proof. Choose a µ > 1. Since lim n→∞ µ n = ∞ and F x0x1 ∈ D + , it follows that lim n→∞ F x0 f (x0) (µ n ) = 1. Therefore, by Proposition 1.3(iii),
Now apply Theorem 2.4. 
for some x 0 ∈ X and γ > 1, then f has a fixed point. Corollary 2.8. Let (X,F,T) be an F-complete generalized Menger space under a continuous t-norm T ∈ Ᏼ and k ∈ (0,1). If f : X → X is a mapping satisfying one of the following conditions: and there exists x 0 ∈ X for which F x0 f (x0) ∈ D + , then f has a fixed point.
As a final result for this section, we consider an example to see the generality of Theorem 2.4.
Example 2.9. Let X be a set containing at least two elements and the mapping F from X × X to ∆ + , defined by It is easy to show (see [14] ) that (X,F,T M ) is a complete Menger space. We are going to prove that the mapping f : X → X, f (x) = x satisfies the contractivity condition (2.21) from the above corollary with b = 2, c = −1, however it is not a B-contraction (here we took advantage of working in ∆ + rather than in D + ).
First, we show that F xy (kt) + 1 ≥ 2F xy (t), ∀x, y ∈ X, ∀t > 0. (2.23) Indeed, the above inequality holds with equality if x = y, while if x = y then the righthand member is at most 1. Next, for every t ∈ (1,1/k], F xy (kt) = 0, while F xy (t) = 1/2, which means that f is not a Sehgal contraction.
